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Multidimensional Difficulty
ai a Direction and a Distance

Mark D. Reckase 4 Robert L. McKinley
American College Testing Program

Ito°.

The purpose of, this paper is to present a geneialization of the concept'
of item difficulty to test items,that measure more than one dimension. In
developing the generalization of item difficulty, three common. definitions of
difficulty were considered. The first definition is :the proportion of correct
resOonses for at group of individuals. This is the common 2-value discussed in

6" many measurement books. This conception of item 'difficulty yields a result
that is specific to the group toeing used to determine the 2-value. It.is
descriptive of the interaction of the group of persons with the item and, dons
not tell how difficult the item is for any particular person. .,

A second definition of itdm difficulty is the probability of a correct
response to an item for a specific persem. This indication of item difficulty
can be determined using an IRT model and an estimate of a' person's ability.
Of course, for this estimate of item difficulty to be accurate, the IRT model
selected must be an accurate representation of the interaction of a 'person-and
an item. Unlike the previous definition, this indication of item+difficulty
is not group specific. The 2-value for a specific group can be determined
from the probability of a correct response for each person by averaging over
persons: 4

The third definition of item difficulty is the location of the iteto along
a difficulty continuum. The first two definitions yield a value diet can be
`interpreted in this way, but they have the disadvantage of being specific to d
group or to a person and not being solely a characteristic of the test item.
In IRT, each item is assumed to have a diffiCulty parameter that is solely a
characteristic of the item and is independent of the persons taking the
item. The Wier two types of difficulty statistics can be derived from the.
IRT model and information

. about the ability of persons in a group.

Since the first two conceptions of item difficulty can be used as-
measures of 'difficulty on a continuum,' and since the third definition can be
used to derive the statistics filled for the previous o, the third definition
has been selected as the basis the genarigtitatiofilef the difficulty concept
to More than one dimension. More specifically, the IRT notion of item?
difficulty will be extended to handle more than dhe dimension.

Paper presented at le meeting *of-the Psychometric.Society,4a arbara,

. .
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The lent Response....,_,:iTheor DefiCkition

.

of Item Difficulty

For the unidimeVional case, iteon difficulty is defined in IRT as the
point on the ability scale corresponding to the point of inflection of the
item characteristic curve (ICC). This point can be determined by solving for

( . r the point of inflection of the ICC by taking the,second.derivative of the item ..
response function, sitting it squat to zero, and solving for the non-
degenerate root. For example, the difficulty parameter for the two parameter
logistic model given by a % . .

Mo
: , #

. .

O.

. ,
Were A is the ability parameter and a And b aredtem parameters, can be
determined by setting the second derivative with .respect to the ability ,

parameter equal to zero,

. \ V

42P(X10,,a, ap()(1.... 2040 =

C

and then solving for its roots. In this case a r.0, P, Op g are
degenerate cases, and only P .5 yields a meaningful solution. t can be I

shown that ,P .5 when 0 a b. Thus,' the difficulty of the item is indicated *

by the point on the 0-scale equal to the b-parameter in the model. Therefore,

, k .

b is the difficulty parameter for this model.

1 For unidimensional IRT models, the point on the ability scale ihdicated
by the b-parameter is the point where the ICeCfis the steepest. For the two-

paramet aer logistic model, this also incat the point on the ability scale "

where the item is most informative.

, . .

In .order to generalize the IRT definition of item.difficulty to
.

multidimensional items, the form of the item response function must first be
determined. For, the multidimensional. case, the item response function .gives'
the probability of a correct response, to an item.for a person with a
particular Vector of, abilities. A: number of differeht forms. have been .,.... .

proposed fo is function (see Reckase & McKinley, 1983 for several;
-.

examples), n all cases the functions have been assumed to increase \.,

monotonical or all combinations of .dimensions. The turface defined bytt --
pmultidimensional item response function has been labelled an item response ,

surface% (IRS), '
* .

.
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This paper,m11 use a specific IRS, a multidimensional extension of the
.

two-parameter logistic mo el (M2P1.), t9 demonsttat,e'the concepq being
developed. This.modei' is g an by

a., d;) °.

1
v °

(d. a.' 0.)
+ e ,

,

where P(xtj. .10. dr) is the probability of response, x (0 or 1) to Item: i.J2 t

for Perpcn 3, 0. `, is a vector of abilities Berson j, ai p an`itim

parameter vector for Item i and di'is a scalar item parameter for Item

ioles.of the ei and di parameters for this model,will be describid later in

,this paper. Two examples of an-IRS defined'by the M2PL model for theetwo
dimensional case:are 'given.' in Figure 1. .



-Figure l

Examples of Item Response Surfaces
for the M2PL Model.
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Definition
of Difficulty

The definititn of difftdulty for multidimensional test items that is
,proposed in this paper has three purposes: (a) it describes. the ,

-characteristics of the item so that .t can be compared to other items; 0) it_
gives an iqdication of the location of the item in the multidimensional
ability space; and ,(c) it tells where phesitem is most informa4i.e.

The definition of difficulty is developed' as an extension of the

continvum. .For the multidimensional: case, difficulty will. be defined as the

defined as the Location of the point of in lection of the 'I-CC on the ability,

multidimensional spate. For"the M2PL%mod,I. gIvedpreviously. this poitit is

distance arid direction of the point of steepest slope from the origin of the

unidimensional IRT definition of difficulty. As given above, difficulty is
,,, .

point 'inflection
.

the closest point to the-evigin in the locus of pbints of inflection for the
!RS. While most one-dimensional IRI models have, only one point of inflection,
the multidimensional models have many. In Tact,' the locus' of points of , '

. inflection is usually a function of the ability vector in the multidimensional
space. The horizontal lines on the IRSs in figure I shows. the locus 'of points

. . .

of inflection for these items.
. ,

.

In order to determine the locationof a multidimensional item in the
multidimensiooal space, two steps mist be performed. First, the locus of
points of inflection must be determined. Second, the distance of the locus of

,

points of inflection from the origin of the ability space must be
determined. The distance taken from the origin to the cloiest point on the
locus of points of infleccion., Thus, the multidimensional difficulty of a

, ----

test ite.a

from the origin of the ability space, and (b) the direction from

ea has two components; (a) the distance of the locus of points of

the origin to the closest point. N
Q"

.
Locus of'Doints of Inflection

For the unidimensional IRT models, the point of inflection of the ICC is '
determined by taking the second derivative of the item response function and
solving for its root. For the multidimensional page, the same procedure is
,foltoOed, but since the chavadteristio of the surface depend on the

1 direction, the second directional derivative is used inkead of the' simple
second deriyaeive. .

. .

The second directional derivative gives the rate of change of the slope-'-;
of the surface in a particular direction. For a multidimensional IRT model:,

... 2 62P 2 4 dal*
v r 0 --- 'cos t .+ - cost cost + .
t 2 1 . 60 60 ' 2

60 1 2

.

I

the second directional arivative is given 16,

3.

2p
8
2P

------ cost. cos4. s m
60.60. ,

L 3 60
m

where P is. the item response function 4 is the vector of angles with the in-
coordinate axes, and 0

'
. . . 0

m
are the m ability dimensions.

1
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For the model, presented in Squation 3, the.second directional derivative
simplifies, to

S

.

V02!* 'PQ(1, 2P) (al cos.1 + a2 cos.2 + . + a ' cos4')2 4 *(5)
4 NO

"4112:i. I.
"

where all'of:the variables have .bee'n defined previously.

As with the 2-0arametee-1ogiatic rmie4 tbe only non-degenerate solution
is the case when P .5. When P.* .5, the exOoneht.of 'Equation l'mutt be 0.
Thereforetothe locus of points oflinflection for this model is given by

,

(0).
,

This is the equation for a hyperplane in a m-dtmensional space..

The proposed indicators of difficulty for a multidimensional test' item
are the shortest distance between the locus of points of inflection and the
origin of the 'Space, and the direction used to obtain the shoitest distance. ,

The shortest distance between the origin and the hyperplane of inflection is
along a perpendicular to the hyperplahA. ThA dtrection cosines of .a line that
is perpendicular to the hyperplane of intention are given by

.

' .
. .. .. .. . . . .., .

..
. .

,

. a.

.1
'2 ,

a ..
il..

'''' "--

where 0. is the angle between the line and the ith dimensional axis, and aji
I

3

is the )th term in the item parameter vector ai.

The distance of the hyperplane of inflection from the origin for this
model is given by

..d

=

Ea '

(8)

where di is the scalar parameter in the arponent of the model and aji has been

previously defined,.

.

4



The Values given by Equations 7 and 8' have a fairly clear'

interpretation. The angles difihed by Equation 7 through the direction
cosines indicate the direction with respect to the ability dimensions in which

the item' provides the most information. Since the direction silicified is
perpendicular to the line of inflection, the slope of" the IRS is steepest in
Oat direction. Thus the item is best at measuring a weighted composite of

abilities defined by

,

Composite = -cos,. O..
i.1 1 0

(9) 0

/

If a set of items were selected that hal/10e same direction cosine*i', the test
. . .

would operate i,as if it were unidimensiona since elljof the items discriminate
best for,the same composite of abilities. If one of the direction cosines
were 1.0, the rest would be 0%0, and.the item'would be a,pure measure of one _

of the abilities.

The ,distance of the line of inflection' from the,origin can be interpreted
in much the same way as the b-parameter for unidimensional'IRT models. For

,two item l with the same direction'cosines, theittem with the larger positive
D-'value will have a smaileriptoportion of individuals obtaining a correct
response..' Negative vatues of D generally indicate easy items, but only items
with the same direction cosines can be directly'compared.

. 1.e

In order to demonstrate the application of the concept of\
multidimensieftal item, difficulty,.4 30-itemmultiple choice examination with'
two distinctly different kinds of items, spelling and grammar, was analyzed
using the M2PL model using a program developed by McKinley & Reckase (1983).
The data on this test were o ained from the administration df,theiitems tot1000 students at he Unkver ity of Texas at Austin as part of an entrance

battery.
i

. ,

Table 1 gives the-item parameter estimates fora two dimension0. solution
for the M2PL model as tell as the direction relative to the 0 -axis and the .

/

distance to the point of inflection closest to the,origin. Note that\the
angles-with the 01-axis for the first 1$ itdms tend'to cluster near .

. ,
.

..,

\ .

/
, I

. - .

0 (O 0' 11.09), indicating that. these Items are, best at 'measuring 1

the 0 ability. Since\these items are,all punctuation items, 0 can be
1 i

1

labelled as a punctuation dimension. 'The angles with the 0
i

-axis of the

'
,.) 1

second 15 items tend to cluster around 90 (' 0 77.15). This implies that

these items are at measuring 0. Since these items are all grammar
2.

items, 0 can be labelled as 'a grammar. dimension.
2 o

v7
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Table 1

Itdm Parameter Estintatei and
Difficulty Statistics Zor 30 Punctuation

and Gramm- a'r Items

Item Parameter Estimates Directional Estimates

al a2,"
1

. 2

3

4

5

6-

7

8

9
10

11

12

13
14

15'

16
17

18

19

20
21
22
23'

24
25
26

27
28
29
0

3.17
1.45
0..66

0.22
0.97
1.40
1.59
1.80

0.43
2.05
0.80
3.22

-0.94
2.27.

2.04
1.12

-2.68
-0.06
1.44
0.34
1.58

-U.30
0.50

-0.85
-0.30
1,.04

-0.79
0.40

-1.66
1.11

1,42
.1.36
111 0.79

0.93
. 0.66

1- 0.78
0.97
1.26.-

0.651
1.00

1.11

1.12

0.69
1.39
1.57
0.47
6.33
0.20
0.02

-0.22
'0.10

0.09
0.31
0.26

t-0.26
0.22
0.25
0.20
0.07
0.26

0.12
0.20
0.28

0.20
0.17
0.16
0.21
0.17
0.17
0.16

0.14
-0.08

0.41
0.23
0.01
0.89
0.85
0.41
0.57
0:51

0.73
0.78

' 0.55
1.28

0.61
0.32
0.73
0.47..

0.80
0.55

'4.83

8.37
19'.52

12.14

14.44
11.59

12.22
7.68

14.66

9.09
7.19
4:09*

30.72
9.40
0.3_6

. 62.16
68.78.

64.00
87.99.

113.33

82.20

683°.;5492

. 78:52

113.09
: 55.49

71.10
66.95

85.00.

64.70

2.22
1.05 .

0.79.,

0.23
1:42

.1.76 ,

1.60
1.42
0.64
2.02
0.72
2.87 7

-1.17.

1.61
1.30

-2.94

2.52
0.61.

2k14

0.79
-0.65
-0.45

'2.68

1-1.02

0.. 18 I

-2.07

The D-values' in Table 1 indicate the,distance of the nearest point of
inflection to the 'origin of the .9-space. Ifs two items measure effectively in
the' same direction' from the' origin, the D-valuesIfindicate the rel,ative .

difficulty of the items. For example, items 20 and 25 are measuring
approximately the same ..'combination of .abilities. Since the 0-value for Itei 20
is .61 and the D-value for Item 25 is, -.45, Item 20 is estimated to be more
difficult than Item 25 on the particular composite measured by the item6. When
the direction 'of the item is taken' into account, the D-values can'be interpreted
much Like the b-parameter estimates from unidimensional item response theory.

4'
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A definition of item diffii,ulty has been suggested for use with items that
.

.
require ability on more than one dimension fora correct response. This
definition has two components: (a) the direction from the origin, of the
multidimensional ipacvfor which the item provides the most informati0; andr(b). I.
the divtance from the origin of thetspace to the point of steepest slope on'the
IRS. This definition was demonstrated for the multidimensional extension of the
two-parameter Logistic model. 'r . . _

.

. ) ,. 411. : ' VI.
. The statistici provided by this definition can be directly applied to the

process of test comssruction.p, If Ekest that measures the abilities that define
'the latent space is'ddsired, items should be selected that have directions that
parallel the axis of he. space. Hoveer, if itois merely desirable to construct
a' test that'operlItes Ss if it were uniitimensional, then items that have the same
direction should hi selected. These items measure the same'composite off I

abilto.es. , .

. d .

.

. The 0-statIstIcs.provided dy,the definitidp gives the distancd from the
origin to the nearest point pf inflection. This value can be interpreted in the
,same way as the b-parameter from.unidimeftsional IRT model when items measure in

b

the same direction. .. ,

. .

.
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Multidimensional difficulty as a dire ction and a distance ..
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'

C

1
. t.,.

. ' . :

.
.'

Tfie paper definei the difficulty of an it em that measures more than one w'
dimension as the direction from the origin of the multidimensional: space to
the point of greatest discriminating power and the distance from the origin to

that point. The direction can be given in terms of Angles witA the coorslinate)-
axes or the corresponding direction cosines.. The distance is signed number

. .
,using the same units as the coordinate axes. For the Unidimensional,case; the

definition simplifies' to the bvarameter fromfunidimensiona/ item response .
I I e #
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